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Solution

Exercise 1

1. The map f is C*°. Its gradient is
1 1
Vf:zeRY— 4z (2? —2) (1 + 4H£L'||%) e1+ 5(9 + (22 — 2)?).

Let us compute all vectors z € R? such that V f(x) = 0.
For any x such that Vf(z) =0, it holds

dzy (27 — 2) (1+ §ll2][3)
9+ (x% —2)2

(Note that the denominator is strictly positive, and in particular cannot be zero.) Therefore,
x is colinear to e;. It suffices to find all scalar numbers A € R such that V f(Xe;) = 0.
Let A € R be fixed.

Vfer) = <4)\()\2 —2) <1 + iv) + %(9 + (N2 — 2)2)>\) el

_3
2

This is zero if and only if A € {—1,0, 1}. Therefore, the first-order critical points of f are
—e1,0 and eq.

Now, we compute the second-order critical points. We have to determine, for each first-
order critical point, whether the Hessian of f at this point is semidefinite positive. For any
z,h € R?,

AN =1)er.

1
Hess f(x)(h, h) = 4(32% — <1 + 4|\x|y§) h3 4 4z (23 — 2) (x, h)

+5 (94 (21 = 2)*) [R5

N = =

Therefore, for any h € R¢,

Hess f(e1)(h, h) = hi + 5||h|[3
> 0.

This Hessian is positive semidefinite, so that e; is second-order critical. The Hessian is
identical at —e;, so —e; is also second-order critical.
Now, for any h € R,

13
Hess f(0)(h, h) = —8h7 + 3|Ih||§
3 13
= —§h% + ?(hg + -+ ).

In particular, Hess f(0)(e1,e1) = —3 < 0, so the Hessian is not positive semidefinite.

The only second-order critical points are e; and —ej.

The map f is coercive : for any z, f(x) > 9 (1 + %Hxﬂg) > %Hx]g? so that f(x) HI”2__>>+°°

400. In addition, f is continuous. Therefore, it has a minimum over R¢.



A minimizer of f is necessarily a second-order critical point, so the set of minimizers is
non-empty and included in {—ej,e;}. We observe that

25

fl=e1) = 5 = fler).

As f has the same value at e; and —eq, so it is not possible that one of the points is a
minimizer, and the other is not. Therefore, both e; and —e; are global minimizers of f,
and they are the only ones.

2. We apply the theorem seen in class about convergence of gradient descent to a second-order
critical point starting from almost any initial point.
We have already seen that f is coercive. In addition, the first-order critical points are
isolated. Therefore, from the remark after Theorem 2.13, we can say that, for almost
any zo € R%, gradient descent with constant stepsize starting at xy converges towards a
second-order critical point of f, hence a global minimizer (all second-order critical points
are minimizers, from the previous question), provided that the stepsize is small enough.

Exercise 2

In the whole exercice, for any k € {1,...,d}, we denote A the k-th column of A.
1. Let (P) be the property that no two distinct columns of A are colinear.
Note that, since d > 2, (P) implies that no column of A is zero.
Let us assume that A satisfies (P) and show that uniqueness holds. Let x1, x2 be 1-sparse,

such that Axz; = Axo. Let 41,49 be the indices of the unique non-zero coordinate of x1, xs.
Then

(x1)i Ay = Az = Az = (22)iy Asiy-

So either (z1);, = (x2);, = 0, which means that 1 = x5 = 0, or the columns A.;; and A.;,
are colinear. In this latter case, from Property (P), it must hold that i; = 5. Also, since
the columns of A are non-zero, we must have (x1);, = (x2);,. Therefore, z1, x9 are 1-sparse
vectors, with the same non-zero coefficient, at the same index : they are equal. This shows
uniqueness.

Now, let us assume that (P) does not hold. Let i; # i be two indices such that A., and
A, are colinear. Let aq, as € R be two numbers, not both zero, such that

a1 A, = aAy,.
We define z; € R? as the 1-sparse vector such that

(l‘l)il = O,

(xl)i = O,VZ 7é i1,
and o € R? as

(22)iy = 2,

(l’g)i == O,Vi 7& ’iQ.

Then, it holds that
Az = a1 Ay, = agA.y, = Axg,

but x1 # xs. Therefore, uniqueness does not hold.



for k=1,...,ddo

if y, is colinear to the k-th column of A then
Denote « € R such that y, = aA..

Return z, = ey, where ey, is the k-th vector of the canonical basis of R

end
end

. It is an instance of a plug-and-play algorithm, based on the forward-backward formulation
described in class. Here, H is the denoiser (it is the projection onto the set of 1-sparse
signals), while 2 — = — 7AT(Az — y.) is a gradient step (with stepsize 7) for the data

fidelity term

a) Let i € {1,...,d} be fixed.

|((Id TATA)(J,‘t — az*)) |

b) For any 1,

‘ (ast — TAT(A$t -

Therefore, for ¢ = i,,,

‘(:Et — TAT(A:L't

w);..|

1
reR— §\|Ax — 3.

< (2 — z)i| + 7 [ (AT A2y — z.)),|
= [(@e — @ )| + 7| (A, Al — 24)) |
< (@ — @e)i| + 7l Asill2] [ Al — 24) ]2
< |z — x4 )i| + T M ||t — 24 ]|2

< (14 7moM)||xs — x4||2-

’(xt — AT (Axy — Az*)) ‘
’(x* + T — x4 — TATA(:Et — a:*)) |
’ + ((1d —7ATA) (z; — x*)) } .

v

A\

Ti)iy, | = (L mma M)z — 2.]2
el = (L mmaM)|[z; — 2

14+ 7moM
z@—il)mmz

(@), | = | (=7 AT A) (@0 ~ ), |
@

4
[|2]l2
>
2
At the third line, we have used the equality |(z4)s,, | = ||2«||2, which is valid because .

is 1-sparse. At the last line, we have used the assumption that 7 <
On the other hand, for i € {1,...

}(a:t - TAT(AQZt -

1
maM *

,d}\ {iz,}, using the fact that (x*)l =0,

< 1+Tm2M)|xZH2
|7 |2
< 2



¢) From the previous subquestion, for any ¢ € {1,...,d} \ {is,},

(2 — TAT (Azy — 1)), | < |x;‘|2 < ‘(l’t —7AT (Azy — y*))iz*

Therefore, the single largest coordinate of x; — 7 AT (Ax; — y.) (in absolute value) is 4, ,
meaning that z;,1 = H(x; — 7 AT (Ax; —y,)) is a 1-sparse vector, and its unique non-zero
coefficient is at index i, .

d) We assume that z; € B (:E*, %) As x, and x441 are 1-sparse, and their only non-zero

coordinate is the one at index i,,,

et — 242 = [(Te41 —

’Lg:*

((1d - AT A)(xy —x*))ﬁ‘

y 12
8

1+ 1mmoM)||xy — x||2
1+7

IN

5. a)

—(x)i,. + (v — TAT Ay — ),

|
- ‘(Cﬂt = 2.)i,, = 7 (AT Alwe — @),
|
|
|

(w0 = @iy, = T(we = wa)i,, (AT A4, ),

= |(zt — 24)iy. — T(Tt — T4y || Asin |3
1 —7]|A.

Tax

3 (@ = 22, |

Mgy
From the assumptions, we know that
0<1—TmeM <1—7|[Ay, |3<1—71mi.

The left-handside inequality is due to the fact that |[A., |3 < ||4.,_|[2|[|A]]] < m2M.
Therefore,

‘(xt —7AT (Azy — y*))m — (24)iy, | =

(1 — 7| A.

Zx* ) ’(mt - x*)ix* ‘

> (1 — Tm%) |(z¢ — 24)i,, |

= (1 — Tm%) |zt — 2|2

The last inequality is due to the fact that z; and x, are 1-sparse, with i, as common
non-zero coordinate.

b) From Question 4., we know that x4 is 1-sparse, and its non-zero coordinate is at index
iz, . Therefore,

o = zullz = | (@01 = 22,
= ‘(:L‘t — AT(A.:Ut - y*))’bz* - (x*)lz*

< (1= 7m})|lze — ws]l2.



6. a) Let us assume that xy € B (m*, H%J') Then, from 4.c) and d), we know that x; is

. . X x
1-sparse, with the same non-zero coordinate as x,, and z; € B (ac*, w

Now, we prove by iteration over t that, for any ¢t € N*| x; is 1-sparse, with the same
non-zero coordinate as x,, and

e = zull2 < (1= 7md) " H|ar — l2. (1)

For t = 1, we have already shown that z; is 1-sparse, with i, = i, and the inequality
is an equality.
Now, if the property holds true for some ¢t € N*, it holds that

[|«l2

e — 2]z < (1 —1m]) oy — 2|2 < [|og — 242 < 1

Therefore, from 4.c), we have that x4, is 1-sparse, with the same non-zero coordinate
as xx. From Question 5.b) and using Equation (1),

et = 2all2 < (1= 7m})||ze = 2all2 < (1= 7md)"||21 — 2. |2.

This proves Equation (1) for ¢t + 1, hence establishes it for any ¢t > 1.
From Equation (1), ||z — z«]|2 "278°0, hence (%) ten goes to .

b) It is a local convergence result for the considered algorithm.

Exercise 3

1. The relaxation is tight, in the sense used in class, if (Min TV) has a unique solution, and
this solution is x..

2. a) Let Bry be this set. The conjecture is that extremal points of Bry are exactly the
elements in £ with one jump and jump gap equal to +1. More formally, the extremal
points are exactly

{xjump,k}kzl,...,dfl U {_xjump,k}kzl,...,dfly
where, for any k, T jymp i is the vector such that

(Zjumpk)s = E—1foralls=1,....k,

= sforalls:k—i—l,...,d.

(Observe that these vectors belong to £, and are the only elements of £, with exactly
one jump and TV norm equal to 1.)

If the conjecture holds true, then the vector x, can be written as a convex combination of
a few extremal points of its TV ball. Therefore, it intuitively belongs to a kind of corner,
or sharp edge, of this set. This particular geometry makes it possible for {z,} 4+ Ker A to
go through z, without intersecting the rest of the TV ball {x € £, ||z||rv < ||z«||lTv}-
This is the same intuition we described in class to justify the choice of the ¢!-norm as a
convex relaxation of the ¢%-norm.

b) Let us define
D : & = Ra-1
T = (Tip1 — T)i=1,..,d—1-

This map is injective : for any vector x € £, , if D(z) =0, then 1 = 9 = -+ - = x4, and,
as 0 = (z, 14) = dz1, we must have 1 = 0 and = = 0. Since it is a linear map between
(d — 1)-dimensional vector spaces, it is a bijection.
For any = € £, , it holds

|z[l7v = [[D(2)]]1-



Therefore, a vector € £; belongs to By if and only if D(z) € By, where By is the
unit ball of R4 for the ¢'-norm. This shows that

By = D(Brvy).

A bijective linear map sends the extremal points of a convex set to the extremal points
of the image of the set through the map. Therefore, a vector z € £ is an extremal point
of Bry if and only if D(z) is an extremal point of By, i.e. there exists k € {1,...,d—1}
such that

D(z) = ey or D(x) = —ey.

Here, e, is the k-th vector of the canonical basis of R4~
For any vector x € £; and k € {1,...,d — 1},

D(ac) =€ <= T = Tjumpk

because D(xump i) = € and D is injective). Therefore, a vector x € £ is an extremal
Jump,
point of Bpy if and only if there exists k € {1,...,d — 1} such that

T = Tjumpk O T = —Tjumpk-

3. We write the primal problem in min-max form :

min max ||z||7v + (2, y« — Ax)
ze€ | z€R™

— T
= xneugri max (z,90) + ||zl|lrv — (z, A" 2).

We get the dual problem by exchanging the minimum and maximum :

: T
max min (z,y.) + ||llzv — (2,47 2)

max (z,4.) + min ([lellzv — (z,AT2)).

Let us consider any z € R™ and compute mingeg, (HmHTV - <£L’, ATZ>).
For any k € {1,...,d — 1} and A € R, we have

k

d
k k
‘TV - <>‘xjump,kaATZ> = p“ —A <d - 1> Z(ATZ)Z - Ag Z (ATZ)Z
=1 i=k+1

A2 jump g

k d
= A+ A (AT2); - )\S D (ATz);
=1 i=1

k
~ A ;(ATZ)Z- _ AS (14, AT2)

k
k
=\ +AD (AT2); — A= (A1,
Al + ;( z) d< %)

k
= A+ 2D (AT2)..
=1

Therefore, if Zle(ATz)i < —1, then

A—+
H)‘Ijump,kHTV - <>\$jump,kaATZ> _>—>OO —o0



On the other hand, if >-¥ | (A72); > 1, then
A——00
H)\J;jump,k‘ |TV - <>\37jump,k7 ATZ> 1> —o0

This shows that, for any k € {1,...,d — 1}, if ‘Zle(ATz)i

2{1611511 (||lllrv — <337ATZ>) = —00.

Now, let us consider the situation where, for any k, ‘Zle(ATz)i < 1. Then, for any

re&y,

[|lz||7v — <x,ATz>

d-1 d
= wig — @i =Y 2s(AT2),
i=1 s=1

d-1 d
=Y e —ml = <$d + Z — Tit1 ) (AT2)s
=1 s=1
d d-1
=S bl 3 S m AT 3T,
s=1 i=s s=1
-1 i d
D e (zwz)s) AT,
i=1 s=1 s=1
d—1 %
=Sl 3o (72,
=1 s=1
- - i
> Z |Tiv1 — x| — Z i — ziga| | D (AT2),
=1 =1 s=1
d—1 d—1
> Z |Tip1 — x| — Z |z; — @341
=1 =1
=0.

Therefore,

géri (I|2|l7v — (=, AT2)) > 0.

Actually, since the value 0 is attained at x = 0, we have
min (||x —{(x, AT2)) = 0.
win (|ellzy — (2, A7)
We plug this into the max-min expression above and get as dual problem

max (2,5 + lypoy 1|5 (aTa)|<n

which is exactly what we had to prove.

. For any pair (z,z) € £, x R™, we define
F(x,2) = (z,ys) + ||z||7v — <.’E,ATZ>
We have seen that the objective of the primal problem can be written as

€& — F
¢ €& — max (z,2),



while the objective of the dual problem is

z € R™ — min F(x, z).
ze€ |

Let (24, 20) € €1 x R™ be fixed. Because of weak duality, it is primal-dual optimal if and
only if the value of the primal at z, is the same as the value of the dual at z,, i.e.

max F(z,,2z) = min F(z,2,).
z€R™ T€eE |

Since mingeg, F(x,2,) < F(Z0,20) < max,cgrm F(2,, 2), this is also equivalent to

max F(x,,2) = F(x,, 2o)
z€ER™

and min F(x, z,) = F (o, 20).
r€eE |

The first equality holds true if and only if Az, = yx, i.e. z, is primal-feasible. As to the
second inequality, it is equivalent to

[zl lrv = (o, AT20) = min [lzlrv — (z, ATz). (2)
T€E |

Let us find a simple property which is equivalent to Equation (2). First, if the equation is
verified, we must have

: T
min ||z||7v — <x,A z0> % —00,
zel |

so, from the reasoning in the previous question, it must hold

k

Z(ATZo)i

i=1

<1L,Vk=1,...,d—1 (3)

(which is equivalent to dual-feasibility of z,) and

2ol l7v — (20, AT2,) = min ||z||7v — (z, AT2,) = 0.
z€EE |

Now, from the chain of equalities and inequalities in the answer to the previous question, we
have that, in order for ||z,||7y — <xo, ATZO> to be 0, we must have, foranyi=1,...,d—1,

(T0)i — (T0)i41 =0

or ((xo)l — (20)it1 > 0 and z:(ATzO)S = 1> (4)

s=1
i
or ((QUO)Z — (25)i+1 < 0 and Z(ATzO)S = —1> )
s=1
We have proved that Equation (2) implies Equations (3) and (4).
Conversely, if Equations (3) and (4) hold, we have (from Equation (3))

: T
min l|z]|rv — (2, A" 25) = 0

and, from Equation (4) and the chain of inequalities (which become equalities) in the
answer to the previous question,

%ol |7 — (20, AT 25) = 0.

Therefore, Equation (2) is also true.
In summary, (z,, 2,) is primal-dual optimal if and only if z, is primal-feasible, z, is dual-
feasible and Equation (4) is verified for any i = 1,...,d — 1.



Exercise 4

Basic solution : we can exploit the absolute value of the linear measurements only, namely the
fact that

’zk‘ - ‘ <$sol;uk> ‘7Vk = 1,...,m”

and treat these new measurements as the yi. This leads to defining

/2
Mpew = ™+ d/2 Z yk’Uk:Uk + Z |Zk|2uk’uk )

and xg as the main eigenvector of this matrix.
More elaborate solution : let us denote U = Vect{ui, ..., u,, }. For any vector x € R?, we write

T=Ty+21,

where xy € Y and z| € U+,
From z1, ..., z,/, we can compute T4,y by solving the linear system

2 = (Tsolu, ur) , Yk =1,...,m',
and z.y € U.

What we have to estimate is x4, | . Let g4, be the result of the classical spectral estimation
procedure. If the procedure is successful, there exists e € {—1;1} such that

TOsp N €Lsol = €ETsolY T ETs0l L -
First, we try to determine e. We compute
~ 2
<CUOspal'solM> ~ €H$solu||2

and set €y = sign((zosp, Tsoirs)). We can expect that, with high probability, eg = €. Under this
event,

€0T0sp ~ Tsoltd T Tsol L
= (Ia — Pu)(€0xosp) = Tsol 1

where Py is the orthogonal projector onto . This leads to setting

20 = Tsoit + (La — Pu)(€0xosp)-

Different solution : we keep the notation from the previous solution. For any k, we have

Y2 = | (Tsoruts Virr) + (Tsor 1, vk 1) |2

= | (@so126, Vkre) 12 + 2 (Zsottas Viu) (Tsol Lk 1) + | (Tsor Ly vk 1) [

From there, we can imagine, for instance, to look at
m
1 2
— YrVk L.
m
k=1

As U is a random m’-dimensional subspace of R¢, with uniform distribution, and independent
from v1q,...,v,, we can check that, conditionally on U, v1zs,. .., Ums V1 1,---,VUm | are inde-
pendent Gaussian vectors, with laws

N(0, Py) for viy, ..., vmu,



N(O,Id —Pu) for VilyeorsUml-
This yields that, for any k, conditionally on U,

E(yivk 1) = E (| (Tsotwss vieud) [*vr 1)
+ 2E ((Tso1vss Vku) (Tsol L, Vi 1) Vk 1)
+E (| (Zsot 1, vk 1) [P0k 1)
= 2E ((@so1ts, Viets) (Tsol 1, Vk 1) Vk 1)

= 2{(Tsoltds Vi) Tsol L-
Therefore, we can, for instance, define

oL = >y sign((@sotss Vku) Yok 1
2221:1 | <xsallxlvvkzu> ’

In expectation, this sum is equal to x4, 1. We may therefore expect that, for m large enough,
it approximates x4, | with high probability, and set

To = Tsoltd + X0 L-

10



